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1. Introduction. 



The application of the Legendre transformation to a hyperregular Lagrangian system re- 
sults in a Hamiltonian vector field generated by a Hamiltonian defined on the phase space 
of the mechanical system. The Legendre transformation in its usual interpretation can not 
^ • be applied to homogeneous Lagrangians found in relativistic mechanics. The dynamics of 

relativistic systems must be formulated in terms of implicit differential equations in the 
phase space and not in terms of Hamiltonian vector fields. The constrained Hamiltonian 
systems introduced by Dirac [1] are not general enough to cover some important cases. We 
formulate a geometric framework which permits Lagrangian and Hamiltonian descriptions 
of the dynamics of a wide class of mechanical systems. This framework extends the ap- 
plicability of earlier definitions of the Legendre transformation [2], [3]. Lagrangians and 
Hamiltonians are presented as families of functions. The Legendre transformation and the 
I' inverse Legendre transformation are described as transitions between these families. Two 

^ pLi simple examples are given. 

> ■ 

2. Iterated tangent and cotangent functors 

For each differential manifold Q the fibrations 



TQ T*Q 



7TQ 



(1) 



Q Q 
are a dual pair of vector fibrations. We have operations 

+: TQ Xq TQ — > TQ, (2) 

•:MxTQ^TQ, (3) 

+ :T*Qx Q T*Q^T*Q, (4) 

•:K x T*Q -> T*Q, (5) 



and the canonical pairing 



;,):T*Qx Q TQ^R. (6) 



Substituting the tangent bundle TQ for the differential manifold Q we obtain the fibra- 
tions 
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TTQ 
TQ 



T*TQ 
TQ 



with operations 



+ : TTQ xjq TTQ -» TTQ, 

•:lx TTQ -> TTQ, 
-: T*TQ x TQ T*TQ — > T*TQ, 
■:Rx T*TQ -> T*TQ, 



(7) 



(8) 
(9) 
(10) 

(11) 



and the canonical pairing 



(,):T*TQ x TQ TTQ ^R. (12) 
Sets TTQ xjq TTQ, T*TQ x T q T*TQ, and T*TQ x T q TTQ have the following definitions: 
TTQ xjq TTQ - {(u, v) £ TTQ x TTQ; t tq (u) = t tq (v)}, (13) 
T*TQ x TQ T*TQ = {(f,g) e T*TQ x T*TQ; tt T q(/) = tt T q(5)}, (14) 



and 



T*TQ x T Q TTQ - {(/, u) e T*TQ x TTQ; tt T q(/) = ttq («)}. 



(15) 



By applying the tangent functor to the fibrations (1) we obtain a dual pair of vector 
fibrations 



TTQ 

Ttq 

TQ 



TT*Q 
Tttq 

TQ 



with operations 



T+: TTQ x T q TTQ -> TTQ, 
,:lx TTQ -» TTQ, 
T+: TT*Q x T Q TT*Q -» TT*Q, 
,:Ix TT*Q -» TT*Q, 

and the pairing 

(,)*:TT*Q x T Q TTQ — > E. 
The operations * and the pairing ( , }* are extracted from the tangent operations 

T- : TR x TTQ — *■ TTQ, 

T- : TR x TT*Q — *■ TT*Q, 

and the tangent pairing 



(16) 



(17) 
(18) 
(19) 
(20) 

(21) 

(22) 
(23) 

(24) 



T(,):TT*Q x T Q TTQ — > TR. 

Sets TTQ x T Q TTQ, TT*Q x T q TT*Q, and TT*Q x T q TTQ in formulae (2), (4), and (6) 
are defined by 

TTQ x T Q TTQ = {(u, v) G TTQ x TTQ; Jt q {u) = Tt q (v)}, (25) 
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TT*Q x TQ TT*Q = {{x, y) e TT*Q x TT*Q; Tir Q (x) = Tn Q (y)}, 



(26) 



and 



TT*Q x TQ TTQ = {(x, u) G TT*Q x TTQ; Tttq^) = Ttq(u)}. (27) 
Pairings (12) and (6) permit the introduction of the vector fibration isomorphism 

•T*TQ 



TT*Q 



TQ 



dual to the vector fibration isomorphism 



^TQ 

= TQ 



(28) 



TTQ <— ^ TTQ 



= TQ 



(29) 



TQ = 

constructed with the canonical involution 

k q :TTQ^TTQ. 

For each manifold Q we have the mapping 

XT Q :TQx Q TQ^TTQ 

:{v,v') i-f t7(0), 



(30) 



(31) 



where 7 is the curve 



7 :R -> TQ 
:s*-^v + sv' 



(32) 



and the symbol t7(0) is used to denote the vector tangent to 7. There is also the mapping 



Xt * q :T*Qx q T*Q^TT*Q 
:(p,p') i-f t7(0), 



(33) 



where 7 is the curve 



7 :R -> T Q 



(34) 



Mappings xjq an d Xj*q are tw0 examples of a general mapping \e defined for each 
vector fibration 



E 



(35) 



Q 
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by 

Xe-Ex q E^E 

:(e,e')-t7(0), (36) 

where 7 is the curve 

7 :M T*g 

:me + se'. (37) 

3. Derivations. 

Let P be a differential manifold. We denote by <&(P) and $(TP) the exterior algebras of 
differential forms on P and TP respectively. A derivation of degree k relative to rp: TP — ► P 
is a linear operator a: $(P) — > $(TP) such that 

(1) degree(a/x) = degree(^t) + k for each form fj, on P, 

(2) a(p A v) = cifi A t p *u + (-l) fede s ree (^) Tp */i A at/ for all forms fj, and 1/ on P. 

The derivation a is said to be of type i* if a/ = for each function / on P. The derivation 
a is said to be of type d* if ad — (— l) fc da = 0. 

We associate a derivation ix of type i* and degree k and a derivation dx of type d* and 
degree k + 1 with each mapping 

X: A fc+1 T(TP) TP (38) 

such that 

TpiXiv 1 A v 2 A ... A w fe+1 )) = r P (rrp(w 1 )). (39) 
The derivation ix is characterized by the relation 

(ixdf, v 1 A v 2 A ... A v k+1 ) = (Xiv 1 A v 2 A ... A v k+1 ), df) (40) 

for each function f on P and each sequence of vectors v x ,v 2 , . . .v k+1 in TTP such that 
rrp(^ 1 ) = Ttp(w 2 ) = . . . = Ttp(u fe+1 ). The dervation dx is defined by 

dx =ixd-(-l) fe dix- (41) 

The mapping (38) is called an infinitesimal deformation of the projection rp: TP — ► P. 

Let T: TP — ► TP denote the identity mapping of TP interpreted as an infinitesimal 
deformation of Tp:TP — > P. The derivations ip and dp of degrees —1 and respectively 
are used in the definitions of Lagrangian systems and Hamiltonian systems. If / is a function 
on P, then ipd/ = dp/ is the function 

i T d/: TP — > R 

:v~(df,v). (42) 

4. Special symplectic structures. 

Let (P, (J) be a symplectic manifold. A special symplectic structure for (P, uj) is a diagram 

(P,0) 

TT (43) 



Q 
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where 7r: P —> Q is a vector fibration and # is a vertical one-form on P such that d$ = oj. 
An additional requirement is the existence of a vector fibration morphism 



■T*Q 



(44) 



such that •& = ip*'&Q- We denote by $g the Liouville one-form on T*Q. 
Let Q be differential manifold. The diagram 

(T*g,tf Q ) 



Q 



is a special symplcctic structure for (T*Q,d$Q). 

A special symplectic structure morphism is a diagram 



Ql — 



(45) 



(46) 



where 




(47) 



is a vector fibration morphism and #i = V'*^2- A special symplectic structure morphism is 
necessarily an isomorphism and the mapping if) is a symplectomorphism from (Pi,d$i) to 
(P 2 ,d0 2 ). 

The definition of a special symplectic structure postulates the existence of a special sym- 
plectic structure morphism 



(P,ti) 



= Q 



(48) 



for each special symplectic structure (43). 

Proposition 1. The special symplectic structure morphism (48) is unique for each special 
symplectic structure (43). 
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Proof: For each w G TP we have 

= (r T * Q (T^H),T7r Q (T^H)} 
= (iP(tp(w)),T(ttq o-0)H) 
= (ip(T P (w)),Tn(w)) 

it follows that the mapping tp: P — > T*Q is completely characterized by 

(i>(p),v) = (&,w), 



(49) 



(50) 



where w £ T„.( p )<2 and to is any vector in T p P such that T7r(w) = v. Hence, the mapping tp 
is unique. g 

The unique special symplectic structure morphism (48) is said to be the canonical special 
symplectic structure morphism for the special symplectic structure (43). 

Let 



and 



Ql 

Q 2 



Ql 



(T*Qi,i? Ql ) 
= Qi 



(51) 



(^2) 

Q 2 = 



^2 



(T*Q 2 ,tfg 2 ) 

= Q 2 



(52) 



be special symplectic structures for symplectic manifolds (Pi,wi) and (P 2 ,W2) respectively 
together with their canonical special symplectic structure morphisms. If 



Qi- 



(P 2 ,1?2) 
7T 2 

^Q 2 



(53) 



is a special symplectic structure morphism, then 

^^oTV'o)/)!. (54) 

5. Examples of special symplectic structures. 

In the following series of examples each special symplectic structure is presented together 
with its canonical special symplectic structure morphism. 

Example 1. If 



(P,0) 



(P,0) 



7T 



■(T*Q,#q) 

7TQ 



(55) 



is a special symplectic structure for a symplectic manifold (P, u) , then the diagrams 
(P, -0) (P, -0) ^ ■ (T*Q, tf Q ) 



(56) 







represent a special symplectic structure for the symplectic manifold (P, —u>). 
Example 2. Let 



and 



Qi 

(^2,^2) 

Q 2 



(i'l.tfi) 

Ql 



V>i 



(t*Oi^ Qi ; 

^Qi 

= Qi 



(57) 



(^,#2) 

7T2 
Q2 = 



lp2 



(T*Q 2 ^q 2 ) 
7r Q 2 



(58) 



represent special symplectic structures for symplectic manifolds (Pi,wi) and (P 2 ,w 2 ) re- 
spectively. We denote by dj 2 © Wi the two-form on P 2 x -Pi defined by 



(59) 



where pri: P 2 x -Pi — » -Pi and pr 2 : P 2 x Pi — > P 2 are the canonical projections. The symbol 
"&2 © #1 will denote the one-form on P 2 x Pi defined by 



?? 2 ©i?i =pr 2 *i? 2 +pri*i?i- 

We introduce a mapping 

^2®^i:P 2 x Pi ^T*(Q 2 x Qi) 

characterized by 

(ip2®ipi(p2,pi),w) = (V> 2 (p 2 ),Tpr 2 (w)} + (ipi(pi),Tpri(w)) 



(60) 



(61) 



(62) 



for each w € T(Q 2 x Qi) such that tq 2X q 1 (w) = (7T 2 (p 2 ), 7Ti (pi))- Symbols pri and pr 2 this 
time denote the canonical projections pri:Q 2 x Qi — ► Qi and pr 2 : Q 2 x Qi — > Q 2 - Diagrams 



(P 2 xPi,1? 2 ei?i) 

7T 2 X 7Tl 

Q 2 x Qi 



(P 2 X Pl,1? 2 ©t?l) 
7T 2 X 7Tl 

Q2 x Qi 



-^^(T*(Q 2 xQ 1 ),^ 2xQl ) 



= Q 2 x Qi 



(63) 



represent a special symplectic structure for the symplectic manifold (P 2 x?i,W2$Wi). Let 
u>2 © wi = w 2 (— <*>i), 1)261)1 = 1)28 an( i ^eifi=t/i 2 ffi (-V'l)- Diagrams 



(p 2 xF^jeft) 

7T 2 X 7Tl 



(p 2 x Pi.^etfi) 

7T 2 X 7Tl 

Q2 x Qj 



^20^ 



1 *(T*(Q 2 xQi), 1 ?q 2X q 1 ) 



(64) 



Q2 x Qi 



represent a special symplectic structure for the symplectic manifold (P 2 x Pi, uo 2 6 ^i)- 
Example 3. If 



(P,0) 



Q 



(P,tf) 







(T*Q,^q) 
= Q 



(65) 



represents a special symplectic structure for a symplectic manifold (P, w) , then the diagrams 

OtQ o T"V> 



(TP,d T tf) 
Ttt 
TQ 



(TP,d T i?) 
Ttt 
TQ = 



(T*T<2, $tq) 
= TQ 



(66) 



represent a special symplectic structure for the symplectic manifold (TP, dpw). 
Example 4. Let (P,oj) be a symplectic manifold. The diagrams 



(TP, i T w) 

TP 



(TP.iro;) ^ : (T*P,tf P ) 



TP 



7Tp 



(67) 



represent a special symplectic structure for the symplectic manifold (TP, dpw). The map- 
ping /3(p, w ): TP — ► T*P is characterized by 



(f3(p,w)(u),v) = (u>, u A w) 

with m G TP and t> S TP such that Tp(u) — Tp(v). 

6. Families of functions. 

Let 

R 



X 



(68) 



(69) 



be a differential fibration. We denote by VP the bundle of vertical vectors defined by 

VP = {v e TP; Tp{v) = 0} (70) 



We denote by V°i? the polar of the vertical bundle defined by 

V°i? = {s G T*i?; y veVR r R (v) = 7T R (s) => (s, v) = 0} (71) 

A function F: R — > M can be considered a family of functions defined on fibres of the 
fibration p. We will represent a family of functions by a diagram 

R F : R 



(72) 
X 

The critical set for a family of functions F: R — > K is the set 

S(F, p) = {r G R; V veVrR (dF, v)=0}. (73) 

At each point r G S(F, p) we define a bilinear mapping 

W{F,r):V r R x T r i? -> R 

:(«,ti))HD (M) (Fox)(0,0), (74) 

where x is a mapping from M 2 to i? such that v — tx(-,0)(0) and w = t%(0, -)(0). The 
family F is said to be regular if the rank of W(F, r) is the same at each r E S(F, p). The 
family F is called a Morse family if the rank of VF(-F, r) is maximal at each r £ S(F, p). 
It is known that if F is a regular family, then the set 

N = [p E T*X; 3 reR p(r) = q = n x (p) 

V v eT q xV w eT rR J P( W ) =v=>(p,v) = (dF,w)} (75) 

is an immersed Lagrangian submanifold of the symplectic space (T*X, fix)- This La- 
grangian submanifold is said to be generated by the family (72). 

For each regular family F we have the mapping k: S(F, p) — > T*A characterized by 

(K(r),v) = (dF,w) (76) 

for each v e TX such that t x (v) — p(r) and each w e TR such that Tp(w) — v. The 
mapping k is a subimmersion. If F is a Morse family, then k is an immersion. The 
immersed Lagrangian submanifold (75) is the image im(/t) of the mapping k. 
There is a surjective submersion A : V°i? — > T*X characterized by 

(X(q),v) = (q,w) (77) 

for each v G TX such that Tx(v) — p(n R (q)) and each w G Ti? such that Tp(w) = v. The 
intersection im(di 7 ') (~l V°i? is clean if F is a regular family. This intersection is transverse if 
F is a Morse family. The immersed Lagrangian submanifold (75) is the set A(im(dF)nV°i?). 

If the fibration p is the identity morphism lx- X — > X, then the family of functions is a 
function 

F:X^R (78) 
and the Lagrangian submanifold N is the set 

N = {p G T*A; 7T X (p) = q, V„ eT?x (p,«) = (dF,v)} 

= im(dF). (79) 



7. Generating objects. 

Let 

(P,0) 



(P,1?) 



Q 



(T*Q,^q) 

= Q 



(80) 



be a special symplectic structure for a symplectic manifold (P, w) with its canonical special 
symplectic structure morphism, let 

lx-X^Q (81) 
be the canonical injection of a submanifold X C Q, let 



R 

P 

X 



(82) 



be a differential fibration, let 



R 



(83) 



X 



be a regular family of functions defined on fibres of p, and let N C T* X be the immersed 
Lagrangian submanifold generated by this family. We denote by £ the mapping from T^Q — 
ttq^ 1 (X) to T*X characterized by 



(Z(p),v) = (p,v) 



(84) 



for each v G TX C TQ such that tq(v) — ttq(p). Let l:T x Q — > T*Q be the canonical 
injection. The set 

TV = t (r' w) 

= {pe T*Q; 3 reR p(r) = tt q (p) = q eX 



VveT g xcT qQ V w eT r R J PH =v^{p,v) = (dF,w)} 



is a Lagrangian submanifold of (T*<2, di?Q) and the set 
A = ^ _1 (iV') 

= {pe p ; q = Ap)ex3 reR y weTpP 

V z eT r R J P(z) = "Mtu) =► <i?,«;> = (dF,z)} 
is a Lagrangian submanifold of (P, di?). The diagram 
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(85) 



(86) 



(P,tf) 



R 



(87) 



Q- 



X 



is called a generating object for the immersed Lagrangian submanifold A. 
The diagram 



(88) 



Q — - — >M 

is the simplest case of a generating object. The Lagrangian submanifold 

A = [p G P; V weTpP (#, w) = (dF,Tn(w))} 

generated by this object is the image of the section tp^ 1 o dF of the fibration n. 

If X is a submanifold of Q and the fibration p is the identity morphism lx- — * X, then 
we have a generating object 



(89) 



(P,tf) 



Q 



(90) 



and the Lagrangian submanifold generated by this object is the set 

A = {p G P; q = 7r(p) G X,V weTpP « = TttH G T 9 X c T 9 Q = <d*»} . (91) 

Another special case is obtained with X = Q and a non trivial fibration p. The generating 
object has the form 



(P,0) 



P 



(92) 



Q 



and the Lagrangian submanifold generated by this object is the set 
A={ P eP; 3 reR p(r) = *(p)V weTpP V zeTrR Tp(z) = Ttt(w) (#,w) = (dF,z)} . (93) 



8. Reduction of generating objects. 

Let 



R 



(94) 



X 

be a family of functions generating a Lagrangian submanifold TV of (T*X, d$ x ). 
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Proposition 2. If the family (94) satisfies conditions 

(1) the image X — p(S(F, p)) of the critical set S(F, p) by the projection p is a subman- 
ifold ofX, 

(2) the mapping 

p:S(F,p)^X 
: r i ► p(r) (95) 

induced by p is a differential Ebration with connected fibres, 

then there is a function F: X — ► K such that F\S(F, p) = Fop and N C N, where N is the 
Lagrangian submanifold of (T*X, d"& x ) generated by the generating object 

(T*X,d x ) 

ttx (96) 
X< — X ^ — >R 



Proof: The function F can be defined since F is constant on fibres of p. We have 

N = {p G 1*X; 3 reR P(r) - Tr x (p),y zeJrR (p,Tp(z)} = (dF, z}} (97) 

and 

N={p&T*X; q = ir x (p)eX,\/ (p,v) = (dF,v)\ . (98) 

Let p E N and let q = irx(p)- There is a point r G R such that p(r) = q and (p,Tp(z)) = 
(dF,z) for each z E T r R. If Tp(z) = 0, then (dF, z) = 0. Hence, r E S(F,p) and 
q = nx{p) E X. If v e T g X C T 9 X, z E T r R and T/?(z) = v, then z G T r S and 

(p,«> = (dF,z) 

= (d(F\S(F,p)),z) 
= (d(Fop),z) 
= (p-*dF, z) 

= (dF,v). (99) 



It follows that p E N . g 

Proposition 3. Jf a Lagrangian submanifold N of (T*X, d-d x ) is generated by a family 
(94) such that the critical set S(F, p) is the image of a section o: X — > R of p, then N is 
generated by the function 

X £ >R (100) 

with F — F o a. 

Proof: Let TV be the Lagrangian submanifold generated by the function F. For each 
q E X we have 

N q = N n JqX 

= {ye T*x- 3 reR y zeTrR (p,T P (z)) = (dF,z)} (101) 
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and 



N q = N n TqX 



= { P ET*X- \J veTqX (p,v) = (dF,)} 



(102) 



The inclusion N q C N q is proved as in Proposition 2. The set N q is not empty and 
N = |dF(g)|. Hence, N q — N for each q^X.lt follows that N = N. m 

The following two propositions are easily derivable from Proposition 2 and Proposition 

3. 

Proposition 4. If N is generated by a family (94) such that 

(1) the Ebration p is the composition p" o p' of Ebrations p': R — > i?' and p": i?' — > X, 

(2) the images R = p'(S(F,p')) and X = p(S(F,p')) of the critical set S(F,p') are 
submanifolds of R' and X respectively, 

(3) the induced mapping 



p:R^X 
:r'^p"(r') 



(103) 



is a differential Ebration 
(4) the mapping 



p:S(F,p')^R 
: r i ► p(r) 



(104) 



is a differential Gbration with connected fibres, 

then there is a function F:R^>M. such that F\S(F, p') = F o ~p and N C N, where N is 
generated by the generating object 



(T*X,# X ) 
X 



R 



(105) 



with F = F o a. 

Proposition 5. If N is generated by a family (94) such that the Ebration p is the compo- 
sition pop' of Bbrations p':R^R and p: R — > X and the critical set S(F, p') is the image 
of a section o:R — > R of p' ' , then N is generated by the generating object 



(T*X,$ X ) 
X = 



R 



(106) 



ith F = F o cr. 
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The last four propositions have the following obvious counterparts in the more general 
setting obtained by replacing the family of functions (94) by a generating object 



(P,0) 



R 



(107) 



i-x 



X 



Proposition 6. If a Lagrangian submanifold A of (P, d$) is generated by a generating 
object (107) and 

(1) the image X = p(S(F, p)) of the critical set S(F, p) by the projection p is a subman- 
ifold ofX, 

(2) the mapping 

p:S(F,p)^X 

:r^p(r) (108) 

induced by p is a differential hbration with connected fibres, 

then A C A, where A is the Lagrangian submanifold of (P, dd) generated by the generating 
object 



Q 



(109) 



x 



Proposition 7. If a Lagrangian submanifold A of (P, d$) is generated by a generating 
object (107) and the critical set S(F, p) is the image of a section a: X — > R of p, then A is 
generated by the generating object 



(P,0) 



Q 



(110) 



tx 



with F — F o a. 

PROPOSITION 8. If A is generated by a generating object (107) such that 

(1) the hbration p is the composition p" o p' of Ebrations p': R — > R' and p": R' — > X, 

(2) the images R = p'(S(F,p')) and X = p(S(F,p')) of the critical set S(F,p') are 
submanifolds of R' and X respectively, 

(3) the induced mapping 

p:R-,X 



: r 



p"(r>) 



(111) 



is a differential hbration, 
(4) the mapping 

p: S(F, p') -» R 
: r i ► p(r) 

is a differential hbration with connected hbrcs, 



(112) 
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then there is a function F: R — > E such that F\S(F,p') — Fop and A C A, where A is 
generated by the generating object 



Q- 



R 



(113) 



x 



X 



with F — F o a. 

Proposition 9. If A is generated by a generating object (107) such that the hbration p is 
the composition po p' of Bbrations p':R^R and p: R — > X , and the critical set S(F, p') is 
the image of a section a': P — > P, then A is generated by the generating object 



Q- 



R 



(114) 



X 



with F = F o a'. 

9. Composition of generating objects. 

The Lagrangian submanifold A 2 \ generated by a generating object 



(P 2 x Pi,i? 2 ei?i) 

7T 2 X 7Tl 



tx 2i 



P 2 i 

P21 
— Xo-[ 



F21 



(115) 



is interpreted as the graph of a symplcctic relation II21 from (Pi,d#i) to (P 2 ,ch?2)- Let A\ 
be a Lagrangian submanifold of (Pi,d$i) generated by a generating object 



(Pi,tfi) 

Ql 



Ri 

Pi 

-x 1 



Pi 



If the image 



n 2 i(Ai) = { P2 e P 2 ; 3 pi€ill (P2,Pi) G A 21 } 



(116) 



(117) 



of A\ by the relation n 2 i is a Lagrangian submanifold A 2 of (P 2 , d$ 2 ), then it is generated 
by the generating object 



(ft, 02) 
7T 2 

Q 2 



^2 



P 2 



(118) 



described below. 
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We introduce the sets 

X 2 = X21 ° X\ 

= {*eQ 2 ; 3, l6JCl («Z2,gi) gX 2 i}, (119) 

X 2 [ii] = {{q2,qi,q[) G Q 2 x Qi x Qi; (g 2 ,?i) G ^21, q[ = qi G Xi}, (120) 
and the projection 

pr 2 [ n ]:X 2[11] 

: (52, 9i, 9i) 92- (121) 
We define the set R 2 , the fibration p 2 :R 2 — ► -X2, an d the family of functions F 2 : R 2 — > K by 

# 2 = (P21 X Pl)" 1 ^!!]), (122) 



p 2 : -R 2 — ► -^2 

: (r-2i,ri) pr 2[111 (p 2 i(r 2 i), pi(ri)), 



(123) 



and 



-F2 : R 2 — * K 

:(r 2 i,ri)h-»F 2 i(r2i) + Fi(ri). (124) 

10. Lagrangian systems. 

Let Q be the configuration manifold of a mechanical system. The special symplectic 
structure 



(TT*Q,d T tf Q ) 
Tttq 

TQ = 



(T TQ, #tq) 
= TQ 



(TT*Q,d T tf Q ) 
Tttq 

TQ 

is called the Lagrangian special symplectic structure. A generating object 

(TT*Q,d T tf Q ) 
Tttq 



TQ- 



C 



is called a Lagrangian system. The family of functions 



Y 



C 

is called a Lagrangian family and the immersed Lagrangian submanifold 
D = {w e TT*Q; v = Tn Q (w) e C, 3 yeYv 
\/ xeTwTT * Q \/ zeTyY Tri(z) = TJttq(x) => ( d T tf Q ,x) = (dL,z)} 



(125) 



(126) 



(127) 



(128) 



generated by the Lagrangian system (126) is called the dynamics of the mechanical system. 
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11. Hamiltonian systems. 

Let (P, to) be a symplectic manifold representing the phase space of a mechanical system. 
The special symplectic structure represented by the diagrams 



(TP, i r w) 



(TP.iro,) ^ > <J*P,4p) 



TP 



TP 



7T P 



(129) 



is called the Hamiltonian special symplectic structure. A generating object 



(TP,i T w) 

TP 



IK 



c 



K 



(130) 



is called a Hamiltonian system. The family of functions 



H 



(131) 



K 



is called a Hamiltonian family and the immersed Lagrangian submanifold 

D = {weTP; P = T P (w) e K, 3 zez y xeTwTP 

V u£Tz .z T C( u ) = Tt p( x ) =*> (iTW,a;) = -(dff,u)j 



(132) 



generated by the Hamiltonian system (130) is called the dynamics of the mechanical system. 
A Hamiltonian system 



(TP,i T w) 



Tp 



(133) 



if 



-H 



is called a Dirac system. A more general Hamiltonian system (130) is called a generalized 
Dirac system. 

The phase space of a mechanical system is usually the cotangent bundle T*Q of the con- 
figuration manifold with its canonical symplectic structure di?Q. The Hamiltonian special 
symplectic structure is in this case represented by 



(TT*Q,i T dtf Q ) 



(TT*Q,i r d0 Q ) 



Per 



(T*Q,dtf Q ) 



T T*Q 



T T*Q 



T*Q 



T*g : 
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(134) 



T*Q 



and a Hamiltonian system is a generating object 

(TT*Q,i T (Wq) 
r T*<2 
T* 



-if 



(135) 



if 



The dynamics of the mechanical system is the set 

D = {we TT*Q; p = t t *q(w) e K, B^V^ 

V ueT ,z T C( u ) = Tt t*q( x ) <iTd^Q,a;) = -(dH»j 



cST^TTf 



(136) 



12. The Legendre transformation. 

Let Q be the configuration manifold of a mechanical system. The phase space of the 
system is the symplectic manifold (T*Q,&{)q). There are two canonical special symplcctic 
structures for the symplcctic manifold (TT*Q, drd^g). We have the Lagrangian special 
symplectic structure 



(TT*Q, At'&q) 



T-Kr 



TQ 



(TT*Q,d T tf Q ) 
TQ = 



(T*TQ,tf TQ ) 
= TQ 



(137) 



and the Hamiltonian special symplcctic structure 



(TT*Q,i T dtf Q ) 

T T*Q 
T*Q 



(TT*g,i T d,? Q ) 

T T*Q 

T*Q = 



7r T*Q 

= T*Q 



(138) 



The identity morphism 1 tt *q is a symplectic relation generated by the generating object 
(TT*Q x TT*Q, i T dtf Q e d T tf Q ) 
t t*q x JlT Q 



(139) 



L T*Qx Q TQ 



T*Q x TQ 

and by the generating object 

(TT*Q x TT*Q, d T $ Q e irdtfg) 
Tttq x t t * q 



■T*Q XqTQ 



-(,) 



(140) 



TQ x T*Q 



L TQx Q T*Q 



TQ x Q T*Q 
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where ( , )~ is the mapping 



(,>~:TQx T*Q- 
■ (v,p) >->■ {p,v}. 



Starting with a Lagrangian system 

(TT*Q,d T tf Q ) 

TQ- 



we construct a Hamiltonian system 

(TT*Q,i T ch? Q ) 



T T*Q 



T*Q ■ 



IK 



with 



C 



-H 



K 



K = k q -\t q {C)) 

= { P e T*Q: 3 veC TT Q (p) = t q (v)} , 

Z={(p, v, y)eT*Qx Q TQxY;ve C, rj{y) = v}, 



(141) 



(142) 



(143) 



(144) 
(145) 



Q:Z -» K 

■■(P,v,y) >-> p, (146) 

and 

-> M 

:(p,v,y) ^ (p,v) - L(y). (147) 

This Hamiltonian system is obtained by composing the Lagrangian system with the gen- 
erating object (139). The two systems generate the same dynamics since the generating 
object (139) generates the identity relation. The passage from the Lagrangian system (142) 
to the Hamiltonian system (143) is called the Legendre transformation. 
Conversely, given a Hamiltonian system 



(TT*Q,i T dtf Q ) 

T T*Q 

T*Q ■ 



H 



(148) 



K 



we construct a Lagrangian system 



(TT*Q,d T tf Q ) 
Tttq 

TQ- 



(149) 



C 
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with 



C = r Q -\n Q {K)) 

= {ve T*Q; 3 peK n Q ( P ) = r Q (v)} , (150) 

Y = {{p, v, z) e T*Q Xq TQ x Z; p <E K, £(z) = p}, (151) 
T): Y -> C 

■ (P, v, z) i-> v, (152) 



and 



L :Y -> M 

:(p,v,z)~(p,v)-H{z) (153) 

by composing the Hamiltonian system with the generating object (140). This passage is 
called the inverse Legendre transformation. 

In addition to the Legendre transformations we have Legendre relations. Given a La- 
grangian system (142) we have the first Legendre relation 

Ai(£):Y ^T*Q, (154) 

whose graph is the set 

graph(A 1 (L)) = {(p,y) e T*Q x F; y e S(L, V ),iT Q {p) = q = T Q {n(yj) 

Vuecm qQ VzeT v Y Tr l( z ) =Xq(v(v),u) => (p,«> = (<LM >} 

(155) 

and the second Legendre relation 

A 2 (L):TQ^T*Q, (156) 

whose graph is the set 

graph(A 2 (L)) - {(p,v) e T*Q x TQ; 3 yeY v(y) = v, (p,y) G graph(A 1 (L))} . (157) 

If D C TT*Q is the dynamics generated by the Lagrangian system, then 

graph(A 2 (L)) = (t t * q ,Tit q )(D). (158) 

A Lagrangian system is said to be hyperregular if the second Legendre relation A 2 (L) is 
a diffcomorphism. 

Given a Hamiltonian system (143) we introduce the first inverse Legendre relation 

ni(fl"):Z-f TQ, (159) 

whose graph is the set 

graph^ff)) = {(«, z) e TQ x Z; z e S(H,Q,tq(v) = q = 7Tq(((z)) 

V oeXnT * Q V„ eTz z T CW = X T * Q (C(^a) =► (a,v) - ( dff,u>} ^ 
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and the second inverse Legendre relation 

n 2 (H):T*Q 



(161) 



whose graph is the set 

graph(0 2 (iO) - {(v,p) G TQ x T*Q; 3 zeZ C(z) = P, (v, z) e graph^^W))} . (162) 

If the Hamiltonian system is obtained from the Lagrangian system (142) by the Legendre 
transformation, then the second inverse Legendre relation Q, 2 (H) is the transpose A 2 (T)* of 
the second Legendre relation A 2 (T). The transpose of a relation <I>: A — > B is the relation 
-> A with 

graph($*) = {(a, b) G A x B; (6, a) e graph($)}. (163) 

13. Homogeneous families of functions. 

Let 



R 

P 

X 



(164) 



be a family of functions and let 



R 



1r+ x p 



(165) 



x X 



■X 



be a group action of the group (R + , •) by fibration isomorphisms. The family (164) is said 
to be homogeneous with respect to the group action (165) if 



F(is(k,r)) = kF(r) 



(166) 



for each r € R and each fceM + . 

For each k € K + we have the diffeomorphism v(k, ■): R — ► R and for each r G R there 
is the linear isomorphism T r (v(k, •)): T r R — > T^^ .jR. A vector z G T r i? is vertical if and 
only if T r (z/(fc, -))(z) is vertical. If (164) is a homogeneous family, then 

v{k r )*F = F ov(k r ) = kF 

and 



Hence, 



v(k, -fdF = du(k, -)*F = kdF. 
(dF,T r (i/(fc, •))(«)> - (^(fc,-)*dF,z) =fc(dF,z> 



(167) 

(168) 
(169) 



for each z G T r R. 

A set S G i? is said to be homogeneous if r G 5 implies r) G S 1 for each fc G M + . 
Proposition 10. The critical set S(F, p) for a homogeneous family (164) is homogeneous. 

21 



Proof: Let r G S(F, p) and let z G T v (k.r)R be a vertical vector. We have 

(dF,z) - (dF,T r (iy(k,-))(T r (u(k-\-))(z))) 
= k(dF,T r (v(k-\-))(z)) 
= 



(170) 



since J r (i>(k 1 , -))( z ) is a vertical vector in T r i? and r is a critical point. It follows that 
v(k,r) is a critical point. g 

The group action /it: R + x X — > X is lifted to the action 



R + x T*X 
1r + x ?rx 

IT x X - 



-T*X 



with 71: M + x T* X T* X defined by 

7J(fc,/) = fcT* M (^\/) 

for each k G M + and each / G T*X. 

The set N generated by a homogeneous family of functions is homogeneous. 

14. Homogeneous generating objects. 

Let 



(P,0) 



(P,t?). 



(T*Q,^q) 
= Q 



(171) 



(172) 



(173) 



be a special symplectic structure with its canonical special symplectic structure morphism. 
A group action 

H-.R + xQ^Q (174) 

is lifted to the action 



1+ x P 



lR + X 7T 



1+xQ- 



Q 



with fi: R + x P -> P defined by 



and 



p(k, ■) = tp 1 o (j,otp 



JZ(k,f) = kT*n(k-\f) 



for each k G R + and each / G T*Q. Let 
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(175) 



(176) 
(177) 

(178) 



be the canonical injection of a homogeneous submanifold X C Q and let 

p. M+ x X -> X 

be the restriction to X of the group action (174) in the sense that 



(179) 



R + x X 

1r + X Lx 

l + xQ- 



■X 



ix 



(180) 



■Q 



is a commutative diagram. Let 



R 



(181) 



X 

be a family of functions homogeneous with respect to a group action 



R+ x R- 
1r + x p 

R + xI- 

of the group (R + , •). The generating object 



■R 



(182) 



■X 



R 



F 



(183) 



Q- 



IX 



X 



is said to be homogeneous with respect to the group actions (174) and (182). 

The immersed Lagrangian submanifold A generated by a homogeneous generating object 
is homogeneous. 

15. Reduction of homogeneous generating objects. 

Reduction of a generating object 



{P,#) 



Q- 



R 



(184) 



ix 



X 



is possible if 

(1) the fibration p is the composition p" o p' of fibrations p':R^R' and p":R' — > X, 

(2) the images R = p'(S(F,p')) and X = p(S(F,p')) of the critical set S(F,p') are 
submanifolds of R' and X respectively, 
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(3) the induced mapping 



p:R -> X 
■r' h./(r') 

is a differential fibration, 
(4) the mapping 

p:S(F,p')^R 
: r i ► p(r) 

is a differential fibration with connected fibres. 
If the generating object is homogeneous with respect to group actions 



and 



E+ x i?- 

1r + x p 



i? 



and there is an action 



such that diagrams 



z/:R + xR' ^ R' 



and 



M + x i?- 
1r+ x p' 

K + x i?' 

K + x 
1 R+ x p" 

R + x X ■ 



R 



■R' 



■R' 



•X 



(185) 



(186) 



(187) 



(188) 



(189) 



(190) 



(191) 



are commutative, then the result of the reduction process is a homogeneous object. It can 
be proved as in Proposition 10 that the critical set S(F, p') is homogeneous. It follows that 
R and X are homogeneous. Consequently, we have a group action 



R + x R 
1r + x p 
R + xX 



R 



(192) 



■X 
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and the function F: R — > R satisfies the homogeneity condition F(v(k,r')) — kF(r') for 
each r' & R and each fc G M + . The reduced generating object 



(P,0) 



<3 



(193) 



is homogeneous. 

16. Composition of homogeneous generating objects. 



Let 



7T1 



(P 2 ,1?2) 
7T2 



(194) 



Qi Q 2 

be special symplectic structures and let 

/Xi:M + x Qi Qi 

and 

/i 2 :R+ x Q 2 ->■ Q 2 



(195) 



(196) 



be group actions of the group (R + , •). We consider a symplectic relation n 2 i from (Pi, £$i) 
to (Pi,£??i), whose graph A 2 i is generated by a generating object 



7T 2 X 7T1 P21 



Q 2 x Qi <— ^ X 21 



"21 



(197) 



homogeneous with respect to a group action 

M + x R21 — — > R21 

1r+ x P21 P21 



where 



is the restriction of the action 



l + X X 2 l — *X21 



A*2i:R+ x X21 — * X21 



At 2 i:M + x Q 2 x Qi -> Q 2 x Qi 

: {k,q 2 ,qi) >-> (^(k, q 2 ), l^i(k, qi)) 



(198) 



(199) 



(200) 



to the submanifold JT 2 i. Let A\ be a Lagrangian submanifold of (Pi,d#i) generated by a 
generating object 
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Ri 

Pi 



(201) 



homogeneous with respect to a group action 

R+ x Ri — 

1r+ x pi 

M + x Xi 



■Ri 



Pi 



Mi 



■Xi 
where 

is the restriction of the action ^ti to Xi . 

17. Homogeneous Lagrangian systems. 

Let Q be a differential manifold and let k be the action 

k: R+ x TQ -> TQ 
: (fc, w) i— ► few. 



(202) 



(203) 



Let 



TQ = {u e TQ; i-^O} 



(204) 



(205) 



be the tangent bundle of Q with the image of the zero section removed. The set TQ is an 
homogeneous open submanifold of TQ. 
A Lagrangian system 



(TT*Q,d T tf Q ) Y 



L 



Tttq 



(206) 



TQ- 



C 



is said to be homogeneous with respect to an action 

K + X Y ^ : 

1r+ x i] 

R + x C 



(207) 



•C 



if C is an homogeneous submanifold of TQ, 

: (k, v) i— > kv. 
is the restriction of the action k to C, and 

L(p(k,y)) = kL(y) 



(208) 
(209) 
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for each y £ Y and each k £ R + . The Lagrangian family 



(210) 



C 

is said to be a homogeneous Lagrangian family. 
The action k is lifted to the action 

K + x TT*Q H_ 

1r + x Jttq 



K 



TT*Q 



Tttq 



with the action 
defined by 

for each k £ K + . The relation 



M+ x TQ — 

k:R + x TT*Q TT*Q 
n(k, ■) = ag 1 o K(k, •) o a Q 
K,(k, w) — kw 



(211) 

(212) 
(213) 
(214) 



holds for each w £ TT*Q and each k £ R + . 

The dynamics D generated by a homogeneous Lagrangian system is homogeneous. 

18. Homogeneous Hamiltonian systems. 

Let (P, to) be a symplectic manifold representing the phase space of a mechanical system 
and let 



(TP,i T w) 

Tp 



-H 



be a Hamiltonian system. Let 



K 



cr: R + x Z -> Z 



(215) 



(216) 



be an action of the group (R + , •) such that (oa(k, •) = C f° r eac h fc G R+. The Hamiltonian 
system (215) is said to be homogeneous with respect to the group action a if 



H(a(k,z)) = kH(z) 
for each z £ Z and each k £ K + . The Hamiltonian family 

c 

if 

is said to be a homogeneous Hamiltonian family. 

The same concepts of homogeneity apply to a Hamiltonian system 



(217) 



(218) 



27 



(TT*Q,i T ch? Q ) 



-H 



T T*Q 



(219) 



T*Q ■ 



IK 



K 



based on a phase space (T Q, cI^q). 

The dynamics D generated by a homogeneous Hamiltonian system is homogeneous. 

19. Homogeneous Legendre transformations. 

The generating objects 



(TT*Q x TT*Q, i T dtf Q e d T d Q ) 
t t*q x T?r Q 



(220) 



L T*Qx Q TQ 



and 



T*Q x TQ 

(TT*Q x TT*Q, d T d Q e i T d^ Q ) 
Tttq x r T * Q 



T*Q x Q TQ- 



-(,) 



(221) 



t TQx Q T*Q 



TQ x T*Q- 

are homogeneous with respect to the group action 

k: R+ x TQ -> TQ 

: (fc, w) i ^ kv 

combined with the trivial action of R + in T*Q since 

(p, kv) = k{p, v) 



TQ x Q T*Q 



(222) 



(223) 



for each k e M + . It follows that a homogeneous Lagrangian system will be transformed 
by the Legendre transformation in a homogeneous Hamiltonian system and a homogeneous 
Hamiltonian system will be transformed by the inverse Legendre transformation in a ho- 
mogeneous Lagrangian system. The graphs of Legendre relations and inverse Legendre 
relations are homogeneous with respect to the relevant group actions. 

20. Examples of homogeneous systems. 

Two examples of homogeneous system in the affine space-time of special relativity will 
be discussed. 

An affine space is a triple (Q, V, a), where Q is a set, V is a real vector space of finite 
dimension and a is a mapping a: Q x Q — > V such that 

(1) er(<?3,92) +a{q 2 ,qi) +a(q 1 ,q 3 ) = 0; 

(2) the mapping er(-, q): Q — > V is bijective for each q E Q. 

The tangent bundle TQ of an affine space is identified with the product Q x V and the 

o o 

cotangent bundle T*Q is identified with Q x V* . The space TQ is identified with Q x V, 
where 



V = {v eV; v ^0} 
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(224) 



Spaces TT*Q and TTT*Q are identified with Q x V* x V x V* and Q x V* x V x V* x 
V x y* x V x V* respectively. The evaluations of the forms dx$ and irdd on an element 
(<7)P> 9>P) <5<?, Sp, Sq, dp) is represented by 



and 



(d T t?, (g,p, g,p, <5g, <5p, 5p)) = (p, <5<?) + (p, <5g) 



(i T di?, (q,p,q,p,5q,6p,8q,6p)) = (p,Sq) - (6p,q). 



(225) 



(226) 



Example 5. Dynamics of a relativistic particle. Let (Q,V,a,g) be the affinc 
space-time of special relativity. The triple (Q, V, a) is an affine space and g: V — ► V* is the 
Minkowski metric. The dynamics of a free particle of mass m is generated by the Lagrangian 
system 



(TT*Q,d T tf Q ) 
Tttq 

TQ- 



C 



where 
and 



C = Qx {qeV; (g(q),q)>0} 
: (q,q) i-> my/(g(q),q). 



The dynamics is the set 

D=\ (q,p, q,p) £ TT*Q; (g{q), q) > 0,p = 



mgjg) 



,P = 



(227) 



(228) 



(229) 



(230) 



The set C is a homogeneous submanifold of TQ and L((7, fcg) = kL(q,q). It follows that 
the Lagrangian system (227) is homogeneous. 

The Legendre transformation applied to the Lagrangian system (227) leads to a Hamil- 
tonian system 



(TT*Q,i T dtf Q ) 



-H 



T T*Q 



T*Q 



c 



with 



Z = l*Qx{veV; (g(v),v}>0}, 
■ {q,P,v) !->■ {q,p), 



and 



H:Z 



■ (q, P, v) i-> (p, u) - my/ (g{v),v). 
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(231) 



(232) 



(233) 



(234) 



The Hamiltonian system (231) can be simplified. The fibration £ can be represented as 
a composition Q" o (' of fibrations 

C': Z -> Z' 

:(q,p,v)^(q,p,\\v\\), (235) 

and 

C":Z' -» T*Q 

:(q,p,\)» (q,p), (236) 

where 

Z' = T*Q x R + (237) 

and 

INI = y/(g(v),v)- (238) 

Equating to zero the derivative of H along the fibres of (,' we obtain the relation 

P = M(v) (239) 

valid for some values of the Lagrange multiplier fi. It follows from this relation that the 
covector p is in the set 

{peV*; ( P ,g- 1 (p))>0} (240) 

and that 

{(q,p,v)eZ; || V ||p=±||p|| 5 (w)} (241) 



is the critical set S(H, ('). We have denoted by ||p|| the norm \/(p,g 1 (p)) of p. The images 
K = ((S(H, C')) and Z = ('(S(H, (')) of the critical set S(H, (') are the sets 

K = Q x {p e V*; {p,g-\p)) > 0} (242) 

and 

Z = K x R + . (243) 

The mapping 

(:Z 

:(q,p,X)^(q,p). (244) 
is a differential fibration. The critical set S(H, (') is the union of images of two local sections 

iv-z^z 

:(«,P,A)~(g,p,A ff -i(p)^ (245) 

and 

i---z^ z 

:(«,P,A)-> (246) 
of the fibration We have two families of functions 
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(247) 



The functions 



and 



K K 

H-:Z ->R 

:(«,p,A) i-> -A(||p||+m) 



H+:Z ->R 

: A) i * A(||p|| - to) 



(248) 



(249) 



are the compositions H o and H o £ + respectively. It is easily seen that the family 
(247) generates an empty set. The dynamics of the particle is generated by the reduced 
Hamiltonian system 



(TT*Q,i T dtf Q ) 



~ -H, 



T T*Q 



(250) 



K 



K 



The critical set S(H + , () is the submanifold 

{(q,p,X)eZ; \\p\\ 

and the image £(S(H + , ()) is the mass shell 

K m = {(q,p)eK; \\p\\ = 

The mapping 

■ {q,P, A) >-> (q,p) 



TO 



(251) 



(252) 



(253) 



is a differential fibration with connected fibres. It follows that the dynamics D is included 
in the Lagrangian submanifold D C TT*Q generated by the Dirac system 



(TT*Q,i T dtf Q ) 

T T*Q 

T*Q ■ 



(254) 



K„ 







The dynamics of the particle is not the same as the Lagrangian submanifold D. Hence, 
no further reduction of the Hamiltonian system (250) is possible. 

The application of the inverse Legendre transformation to the Hamiltonian system (250) 
results in the Lagrangian system 
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(TT*Q,d T tf Q ) Y— L 



Tttq 

tq 



■ c 



with 



C = TQ, 

= |(g,«,r, A) G Q x £ x V* x K + ; (r,*?" 1 ^)) > oj 



and 



^:Y" -> C 

■ (q,q,r,\) i-> 



L: Y -> R 
: 9, A) (r, q) - \{\\r\\ - m). 

The image rj(S(L, 77)) of the critical set 

S(L,rj) = I (q, q, r, A) e Y; ||r|| = m,mq = A# _1 (r)} 

is the set 

C = Qx{4e V; (g(q),q)>0}. 
The critical set is the image of the local section 

£:C^ Y 

(TYl 
q,q, pi s(g), ||?|| 



(255) 

(256) 
(257) 

(258) 

(259) 

(260) 
(261) 



(262) 



The composition L o £ is the function 

L:C -> M 

: (g, q) 1 > (g(q),q). (263) 

The reduced Lagrange system is the original Lagrange system (227). 

The Hamiltonian systems (231) and (250) arc homogeneous. The graph of the second 
Legendre relation A 2 (L) is the homogeneous set 

graph(A 2 (i)) = \ {q,p,q',q) f= T*Q x TQ; q' = q,p 



mg(g) 

V(9(q),q) 



(264) 



Example 6. Space-time formulation of geometric optics. The dynamics of light 
rays in affinc Minkowski space-time (Q, V, a,g) is generated by the Lagrangian system 



(TT*Q,d T tf Q ) 
Tttq 

TQ- 



(265) 



C 
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with 



C = TQ, 

Y = C xl 



(266) 
(267) 



r]:Y ->C 

■ (q,q,») i-" (q,q), 



and 



(268) 



L: Y 



■ {q,q,lA ^ -^{g{q),q)- 



The dynamics is the set 



D = l^(q,p,q,p) E TT*Q; (g{q), q) = 0, 3„ 6R+ P = ^ff(«),P = J . 



(269) 



(270) 



The Lagrangian system (265) is homogeneous. 

The result of the Legendre transformation applied to the Lagrangian system (265) is the 
Hamiltonian system 



with 



(TT*Q,i T dtf Q ) 



-H 



T T*Q 



T*Q 



c 



Z = T*Q x V x M + , 



(271) 



(272) 



and 



■ {q,p,v,fi) h-> (<7,p), 



ff:Z 



: {q,p,v,/Jb) i ^ (p,t>) - -^(9(v),v). 



(273) 



(274) 



The Hamiltonian system (271) can be simplified as in the case of a relativistic particle 
with mass m > 0. The fibration ( is be represented as a composition £" o £' of fibrations 



C': Z -> Z' 
: {q,p,v,fi) i * (q,p,»), 



(275) 



and 



C":Z'^T*Q 

: (<7,P,m) ^ (<2SP), 



(276) 
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where 

Z' = T*QxR + . (277) 

We have 

S(H,(') = {(q,P,v,»)€Z; fip = g(v)} (278) 

and 

Z = C(S(H, C')) - {(q,P, li) eZ';p^0}. (279) 
The critical set S(H, £') is the image of the local section 

i:Z Z 

■ (q,p,v) (q,p, (280) 

of The reduced system is the Hamiltonian system 

-H m 



(TT*Q,i T dtf Q ) Z 



T- 



T*Q 



c 



(281) 



1*Q< — K 



with 



K = {(q,p)eT*Q; P ^0}, (282) 
(:Z -> K 

:{q,p,H)^{q,p), (283) 



and 



:(g,p,/i)^|(p, fl - 1 (p)). (284) 

No further simplification is possible. 

The application of the inverse Legendre transformation to the Hamiltonian system (281) 
results in the original Lagrangian system (265). 

The Hamiltonian systems (271) and (281) are homogeneous. The graph of the first 
Legendre relation Ai(L) is the homogeneous set 

graph(A 1 (L)) = {(q,p,q' ,q, fi) G T*Q xY; ?' = q, (g(q),q) = 0, W = g{q)} ■ (285) 

The graph of the second Legendre relation A 2 (L) is the set 

graph(A 2 (L)) = {{q,p,q',q) 6 T*Q x TQ; q' = q, (g(q),q) = 0,3 MeR+ M> = <?(?)} • (286) 
The graph of the first inverse Legendre relation Cli(H) is the set 

graph(0 1 (^)) = {(q,q',p,») eTQxZ; q' = q, (p,g-\p)) =0,q = wT^p)} ■ (287) 
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